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IX. On the Comparison of Hyperbolic Arcs. By Chaeles W. Merrifield. 
Communicated by the Rev. Br. Booth, F.B.S. 

Eeceived March 3,— Bead March 31, 1859. 

An application of Jacobi's second theorem — the imaginary transformation — has led me 
to a formula which reduces the comparison of the arcs of hyperbolas to the same 
facility as that of elliptic arcs. The transformation is so easy and obvious, that I have 
had some hesitation in publishing it ; but I observe that my result was not noticed by 
Legendre, or by Professor Moseley, or in any more recent work which I have seen. 
Some of its applications, too, are worthy of remark. 
I shall use the ordinary notations : — 

A(^,<p)=(l-sin^^sin^^)4, F(^, <p)=J^, E(^, <p)=j'A(^, <p)#. 

The functional equation 

1>,+F?),-F?)3=0 (A.) 

is satisfied, as is well known, by either of the three trigonometrical equations — - 

cos^3=cos^iCos^2— sinipisinipa ^^(1 — sin^^.sin^ipa) .... (1.) 

cosip2=cos^,cos(p3+sin^,sin^3 -/(I— sin^^.sin^^a) .... (2.) 

cos(pi=cosip2Cosip3+sinip2sin^3 V'(l— sirf^.sin^^i). .... (8.) 
Dividing each of these by cosipi.cosip^.cosipa, and transposing, they become 

sec<p3=sec<piSec<p2+tan^,tanip2 -/(l+cos^^.tan^^j) .... (4.) 

sec?)2=sec^iSec^3— tan^itanipa 'v/(l+cos^^.tan^ip2) .... (5.) 

secipi=secip2secip3— tan<p2tan^3 v'(l+cos^^.tan^^i) (6.) 

It will be noticed, that we might pass from one set to the other, directly, by substi- 
tuting sec (p for cos (p, s/'—\ tan ip for sin (p, and cos 6 for sin 6. These substitutions con- 
stitute Jacobi's second theorem. They convett 

(l-sm2fl.sin2,p)4 ^^*° (l-sin2fl.sin2<p)*' 
and 

(l-sin^^.sin^?))4# into ^^-4 (i _ sin^ ^ . gin'.' p)h. 

Now, calling J(l — sin^^iSin^p)*<:Zip, Eip, we know that 

E?)i+Eip2—Eip3==sin=^sin<pi. sin ^2- sink's (7.) 

2 a2 
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If, therefore, we make the above substitutions in this equation, and divide by \/^^^ , 
we have, making H(p=l — ^(1 — sin^^.sin^ip)*, 

H^i4-H(p2— H^3= — cos^^.tan<pi.tan^2.tan?)3 (8.) 

Moreover, since we also have 

it is evident that these equations remain true, if we put for 

E^, Eip+^.F^, 

or for Up, Hp+k. F(p, 

k being any constant whatever. 

If we make k=~ sin^^, V<p:=II<p—sin^6.F<p represents the arc of a hyperbola. 

In fact, if ^iJ^~^^^=l be the equation to a hyperbola, and we make the ordinate 

^=cos^^.tan^, we have the abscissa a;= — - v'(l — sin^^sin^^). From these we may 
obtain by differentiation, 

— Jcos2^^(l-sin29,sin2f)-^'P~J^(l-sin«fl.sin2f)' 
or U<p = H?) — sin^ ^ . F^. 

If we make sin r=sin d. sin <p, r is the angle which the normal of the hyperbola makes 
with the axis of x. If we change the variable from (p to r, we have 

dr 



U=sin^^.cos^^ 



■J. 



an equation which bears a remarkable analogy to the arc of the ellipse referred to its 
tangent, 

E,-E=cos^^. r ^ s- 

JCl-sin^fl.sin^T)^' 

It may be worth while to remark, that 6, the angle of the modulus, represents, in the 
ellipse, the eccentricity, while in the hyperbola it represents the angle between the 
asymptote and the ordinate. 

For the comparison of hyperbolic arcs, therefore, we have the equation 

Uipi+U(p2— Uip3=— cos^^.tan^,.tan^2.tanp3, (9.) 

answering to the equation for elliptic arcs, 

E(p,+E<p2— Eip3=sin^^.sin(pi.sin<p2.sin(p3 (7.) 

Formula (8.) may be derived from the equations (4.), (5.), (6.) in exactly the same way 
that formula (7.) is derived from the equations (1.), (2.), (3.)*. 

* For the details, see Legendeb, 'Fonctions EUiptiques,' toI. i. p. 43, or Moselet " On Definite Inte- 
grals," Encyclopedia Metropolitana, ' Pure Mathematics,' vol. ii. p, 497. 
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In particular, if <p^=^'T, we have, for the complementary functions, U^,-|-U?i2=oo , as 
it ought to be, since the whole length of the curve is infinite. 
For duplication, making ^,=(p2=a', we have 

U^3— 2Uai=(cos ^.tan cay tan ^3. 

The same formula serves for bisection, if we obtain &> from 1^3 by the help of the 
elliptic equations. 

Equation (8.) is easily verified at the extremes, making ^=0, 



COS'' ip 

and we have the known theorem 



Hf4 



:tan^. 



tan a + tan /3— tan (05+^)=: — tana.tan|3.tan(a+/3). 
If we make 

^=f , A<p=cos (p, and H^=J 3^' 
whence 

Jcos(Pi^Jcos<P2 JcosfSg ' V •; 

which is also a particular case of F^i+F^a— F(p3=0, depending on the particular equa- 
tion 

sec^3=sec^iSec^2+tanipitan^2, (H-) 

which 1 should call the mbeidional equation, from its connexion with the common 
formula for meridional parts, and with certain curves on Meecatok's Chart, which I have 
discussed elsewhere. 

I have taken the trouble of deducing (8.) from (4.), (5.), (6.) directly, but the process 
is so exactly parallel to Mr. Moseley's work, at vol. ii. p. 497 of the work above cited, 
that it would be unnecessary to insert it here. 

A simpler verification may be found as follows : differentiating v^dth regard to (p the 
expression tan ^. A^, we have 

^(tan?5.A^)=^^ Af— =3^^-^+^^-A^'. 

whence, by integration (no constant needed, since each term vanishes with (p), 

tan^.A^=H^-fE^-F?) (12.) 

If we now add the equations (7.) and (8.) and subtract the equation 

we should have, substituting (12.), 

tan ^1. A^i+tan ip2- Aipg — tan 1^3. A<p3=sin^ ^.sin (pj.sin (pg. sin ^3— cos* ^. tan ip,. tan fa- tan ^ 3. (13.) 
This equation may be easily verified by using the values of Aipi, Ap^, and Ap^ obtained 
directly from the equations (1.), (2.), (3.), and clearing by means of the quadratic to 
which they all lead, 

1+2 cos(p,.cosip2-cosip8=cos^fi+cos^f2+cos^?i3-f-sin^^-sin*i?>i.sinY2-sin^|p3 • • (14.) 
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Equation (8.) leads to a formula for the direct reduction of the logarithmic integral of 
the third kind, whose parameter is negative and greater than unity. It is the exact 
analogue of Legbndkb's formula for the reduction of the same integral where the para- 
meter is negative and less than unity, pp. 153, 154 of his third volume on Elliptic 
Functions. The reduction is of some importance, because on it depends the possibility " 
of tabulating those functions, which would otherwise require a table of treble entry, too 
cumbrous to attempt. 

Let &», and <u^ be two amplitudes, such that, for the common modulus S, we have 

F»,=F?5+Fa . . . .] 

F«,=F^+Fa . . . .y ^ 

We must have simultaneously 

H«tfi+Ha— Hip =— cos^^tanatan?) tan^i . . . 

H(p 4-Ha— H»2=— cos^ ^tanatanip tan»2 • • 
and also, putting for shortness l<p for v'(l + cos^ 6 tan^ (p), 

,„ „ tan (2 cos a8« — tan a cos ala 

tancy,=— J- H- — 5 — - — o— ^— • 

' 1— cos^fltan^atan^ifs 

-„ tan « cos a§a + tan a cos q>la. 

tan u„=. !~ „ ■ 3 5—=" . 

^ 1 + cos^ 6 tan^ a tan^ 9 

Let us next consider the function 



(5), 



{c). 



a=V..-V.,=J^H..-J^^H... 



If we regard a as constant, we obtain from equations («.), 



whence 



Acog A^~ Ao 



Now formulae (b.) and (<?.) give 

HfVa — H»i=2Ha+ cos^ ^ tan a tan p (tan ti)2-\- tan (wj, 

and 

... 2 tan (2 cos «A« 

tan ^,+ tan ^.= i_eos^a.tan^«.tan^^ ' 

whence 

J „ r</ip f-pj. cos^ ^ sin a tan^ ^8« T 

^^^-JA^I^'^'+I- cos2fltan2«tan2,p|' 

a,nd, after a few reductions, we find 

ia= (h«- ^°^'^^'^" « \p^_^ cos^g tan c cC__ 
or, transposing, 



1 df . 

(1 + cos^'fi tan^ «) sin^ (f> ' Af ' 



j^ 



--F^= 



)l-(l+cos«fltan2«)sin2(p A^ ^^-■^^i2JtS^{a('^*'2~'^'*'')— Ha.F^}. 
No constant is needed, since Y(p is an even function of <p. 
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One lesson we may learn from this process is, that the proper expression for the 
negative parameter greater than unity is — (1+ cos^ 6 tan^ a). In geometrical researches 
this remark will probably lead to simplicity. Legendre has deliberately avoided the 
discussion of this form of the parameter*. His reason was, that the complete integral 
presents itself in the form of co — oo . 

The tabulation of the function Yu would only require a table of double entry. 

It may be as well to notice that the equations (a.), (§.), {c.) are solved by auxiliary arcs 
as foHows : 

Assume 

tan;j2= tanipAos, tan ;ji= tana A<p, 
then 

t^l — ^i — ^l , C^i = % + ^i- 

It is needless to remark that Jacobi's transformation does not enable us to reduce 
the integral of the circular form. The difficulty which we here encounter, is exactly 
analogous to that which presents itself in the reduction of the cubic equation of ordinary 
algebra. In fact, if we were to apply Jacobi's transformation to one omly of a or ?!, the 
auxiliary arcs just mentioned would give values of u of the form >7+»j'\/— H, and the 
difficulty would depend upon the interpretation of F(7?+;j'\/— 1]). 

* See Fonctions EUiptiques, vol. i. p. 71. sect. 53. 



